Thermomechanical noise determines the lowest detection limits of microcantilever-based devices for measuring forces and surface stress variations. In this work, arrays of 334-nm-thick single-crystalline silicon microcantilevers with dissimilar lengths and widths from 50 to 500 m and 20 to 200 m, respectively, have been fabricated to calculate the minimal detectable force and surface stress on the basis of the measurement of the spring constant, resonance frequency, and quality factor. The calculated minimal detectable force and surface stress are of the orders of 10 −15 N Hz −1/2 and 10 −7 N m −1 Hz −1/2 , respectively, and both follow a nonintuitive dependence on the dimensions. The minimal detectable force decreases as the cantilevers are shorter and narrower, whereas the minimal detectable surface stress decreases by making the cantilevers shorter and wider. Theoretical expressions of the minimal detectable force and surface stress are provided as a function of the material properties, cantilever dimensions, and quality factor, which allow us to interpret the results. Both force and surface stress noises follow the same dependence on the quality factor and material properties, however, exhibit striking differences in the dimension dependences. The force and surface stress noises enhance with the quality factor. If the quality factor is kept constant, the force noise enhances as the cantilever is longer and wider, whereas the surface stress noise enhances by making the cantilever shorter and wider. The observed increase of the force noise with the length is attributed to the strong decrease of the quality factor. The results imply that the design of cantilevers for surface stress measurements in general should be different than for atomic force microscopy probes.
I. INTRODUCTION
Silicon micromachined cantilevers are widely employed as transducers of external forces, surface stress, and mass and heat fluxes in a variety of applications such as atomic force microscopy ͑AFM͒, magnetic-resonance force microscopy ͑MRFM͒, chemical and biological sensors, and photothermal spectroscopy, to name a few. [1] [2] [3] [4] [5] [6] The principle is the measurement of the position and motion of the free cantilever end that approximately follows a Hookean behavior. Depending on the application and the magnitude measured, cantilevers can be operated in two modes; static and dynamic. In the static mode, the average deflection is directly related to the external interaction, usually a force or variation of the surface stress. [2] [3] [4] [5] [6] [7] [8] In the dynamic mode, the cantilever is set into oscillation, and the changes of the amplitude and phase of the oscillation are usually related to the gradient of an external force or the added mass on the cantilever. 1, 2, [9] [10] [11] [12] This work is focused on the sensitivity of microcantilevers in the static mode in air, to measure tiny forces and surface stress variations. The first application is particularly relevant to measure intermolecular forces between an AFM tip and a surface at the single molecule level. 13 The second application is relevant for chemical and biological sensings, in which selective binding of a substance on a previously sensitized cantilever side produces a cantilever bending due to the differential surface stress between opposite cantilever sides. [14] [15] [16] [17] [18] In both applications, cantilevers with high lengthto-thickness ratio are used due to the low spring constant. The ultimate sensitivity is determined by the thermomechanical noise that manifests as the Brownian motion of the cantilever. 19, 20 Thermomechanical noise depends on the spring constant, resonance frequency, and quality factor ͑Q͒.
Although there are accurate analytical models to predict the size dependence of the spring constant and resonance frequency, the quality factor cannot be readily predicted. The quality factor is defined as 2U s / U d , where U s and U d are the stored vibrational energy and the energy lost per oscillation cycle, respectively. Since the energy loss is due to several dissipation mechanisms, Q can be expressed as 1 / Q = ⌺ i 1/Q i where Q i is the quality factor due to each dissipation mechanism. The dissipation mechanisms include the viscous damping, the internal friction of the material, the clamping losses, and the thermoelastic dissipation. 21, 22 However, for pressures higher than 1 mtorr, the dominant source of dissipation is the viscous damping. 21 Here, microcantilever arrays composed of 334-nm-thick silicon microcantilevers with various lengths and widths from 50 to 500 m and from 20 to 200 m, respectively, have been fabricated by using micromachining silicon technology. The spring constant, resonance frequency and Q factor have been measured to determine the dimension dependence of the thermomechanical noise. From this data, the minimal detectable force and surface stress have been calculated.
II. MATERIALS AND METHODS

A. Cantilever fabrication
The cantilevers were fabricated from commercially available Unibond silicon-on-insulators ͑SOI͒ ͑100͒ wafers ͑SOITEC͒. The top silicon layer, used as structural material, was 0.334 m thick with uniformity better than 5%. The film was free of stress gradient and allowed the fabrication of up to 800-m-long straight cantilever beams. The 1-m-thick buried silicon oxide layer was used as an etchstop layer for deep reactive ion etching ͑DRIE͒. A 1-m-thick aluminum layer was deposited and patterned at the backside of the wafer to be used as a mask material during the DRIE process. The exposed 30-nm-thick thermal silicon oxide was removed by short etching in HF ͑49%͒ using the same mask as for the aluminum patterning. The top silicon layer was patterned by dry etching to define the cantilevers. The DRIE process from the backside was performed to define the cavity until the buried silicon oxide layer. The membranes of silicon oxide with cantilevers on top were formed at this stage. A silicon oxide etching in HF was performed to release the cantilevers.
B. Resonant frequency and Q measurements
The cantilever vibration was measured by using the optical beam deflection technique in a homebuilt setup. Briefly, a laser beam from a 3 mW laser diode ͑Edmund Optics Ltd͒ is focused on the free end of the cantilever and the reflected beam is collected by a four-segmented photodetector. The photocurrents from the upper and lower segments are amplified and filtered by current-voltage amplifiers ͑HMS Elektronik͒. The voltage signals are connected to an analog-todigital data-acquisition card ͑National Instruments͒ for processing and monitoring. The acquisition software was programmed in LABVIEW ͑National Instruments͒. The resonance frequency and the quality factor were determined by fitting the frequency spectra of the Brownian motion with the harmonic-oscillator theory.
III. THEORY
A. Damped vibrating beam
Let us consider a vibrating beam subjected to a drag force due the interaction between the beam and the surrounding fluid ͑i.e., air͒. The drag force per unit length can be written as f 1 ‫ץ‬z / ‫ץ‬t + f 2 ‫ץ‬ 2 z / ‫ץ‬t 2 , where the first term represents the viscous damping that leads to energy dissipation; and the second term, proportional to the acceleration, is the inertial force. 23, 24 The transversal vibration of the beam z͑x , t͒ can be described using the following partial differential equation:
where E represents Young's modulus, the cantilever density, S the cross-section area of the beam, and I the moment of inertia. For a rectangular cantilever of length L, width W, and thickness T, the cross-section area and the moment of inertia are S = WT and I = WT 3 / 12, respectively. The boundary conditions for a singly clamped beam are z͑0,t͒ = ‫ץ‬z / ‫ץ‬t͑0,t͒ = 0 and ‫ץ‬ 2 z / ‫ץ‬t 2 ͑L , t͒ = ‫ץ‬ 3 z / ‫ץ‬t 3 ͑L , t͒ = 0. Applying the boundary conditions to the solution of Eq. ͑1͒, the eigenfrequencies are obtained,
where the subscript n =0,1,2¯represents the different eigenmodes and the coefficient k n 2 is 3.51, 22.01, 61.7,…, for the first three vibration modes. Since the damping parameter f 1 is small for the vibration in gases and f 2 Ӷ S, the resonance frequency of the vibrating beam can be approximated by
The viscous damping part of the drag force provides a mechanism for energy dissipation, as it is proportional to the beam velocity. The Q factor for each vibration mode can be calculated by making use of the equation 
When the beam is driven by a sinusoidal force at a frequency , F 0 e it , the steady oscillation of the free end of the cantilever can be written as z͑L , t͒ = ͚ n A n e i͑t− n ͒ , where A n and n are the amplitude and phase shift of the nth mode, respectively. A n is described by a frequency-dependent function analogous to the case of a damped harmonic oscillator,
where ͉ n ͉͑͒ is the modulus of the response function of the free end of the vibrating beam for the nth mode, and D n is m n 2 ͑m = WTL͒ and represents the mode-dependent spring constant. The spring constant of the first mode is usually referred to as k, and relates the force exerted on the free end of the beam to its displacement in equilibrium
jected to a random and uncorrelated time-dependent force that results into the Brownian motion. The thermal force has a white spectral density and a Gaussian distribution with zero mean. The spectral density of the thermal force for the nth mode is given by [20] [21] [22] [23] [24] [25] n ͑͒ = 2
The frequency distribution of the thermal noise, i.e., the Brownian motion, is given by the modulus of the response function ͉ n ͉͑͒. The thermal noise for a bandwidth ⌬ is described by
For the case in which the bandwidth is much smaller than the resonance frequency of the first mode, the thermal noise is approximately given by
The thermal noise corresponding with the higher flexural modes can be neglected with respect to the first mode. For instance, the second mode thermal noise is 253 times smaller than the first mode noise. Therefore the thermal noise can be approximately described by
where Q = Q 1 , r = 1 , and k = D 1 .
C. Minimal detectable force and surface stress
The minimal detectable force acting on the free end of the cantilever for a bandwidth ⌬ is F min = k͗z th 2 ͘ 1/2 ,
In sensing applications, the cantilever bending is due to the differential surface stress between opposite sides of the cantilever. The differential surface stress arises from the uneven adsorption of molecules on opposite surfaces of the cantilever. The relationship between the differential surface stress ͑⌬͒ and the cantilever deflection ͑z͒ is
By substituting z by ͗z th 2 ͘ 1/2 ͓Eq. ͑8͔͒ and writing T / L as a function of the spring constant and beam width in Eq. ͑11͒, the minimal detectable surface stress can be written as
The minimal detection limits for both surface stress and force can be enhanced by decreasing the spring constant and increasing the quality factor and resonance frequency. However, small spring constants are more important for force detection ͑F min ϳ k 1/2 ͒ than for surface stress ͑⌬ min ϳ k 1/6 ͒.
IV. RESULTS
Two kinds of arrays with dissimilar cantilevers were fabricated; one composed of six cantilevers with different lengths ͑50, 100, 200, 300, 400, and 500 m͒ and a width of 40 m and the other composed of five cantilevers with different widths ͑20, 40, 60, 100, and 200 m͒ and a length of 200 m ͑Fig. 1͒. The thickness of the cantilevers is 334 nm. The error in the cantilever dimensions was about 5% for the thickness and about ±0.3 m for the width and length dimensions. The measured values of the spring constant, resonance frequency, and quality factor are summarized in Table  I . The spring constant was measured by exerting a controlled force on the cantilever with an atomic force microscopy cantilever. 27, 28 The error in this measurement mainly arises from the uncertainty in the position where the force is exerted. The spring constant was calculated by assuming that the force is exerted at 10± 5 m from the free end. The resonance frequency and the quality factor were determined by fitting the frequency spectrum of the thermal noise to the driven damped beam model described in the previous section ͓Eq. ͑5͔͒. The errors in both magnitudes are given by the fitting.
The measured spring constant ranges from 3.3 ϫ 10 −4 to 0.08 N / m. A discrepancy between the experimental values and the theory described by the formula k = EWT 3 /4L 3 ͑dotted line͒ is found ͑Fig. 2͒. This is more noticeable for the shorter and wider microcantilevers. The deviation is attributed to the compliance of the chip region where the cantilevers are clamped. The DRIE process employed for the cantilever fabrication produces a thinning of the chip region where the array is supported. Thus the cantilevers are held by a 22-26-m-long and 334-nm-thick region of the chip. The effect of the clamping on the spring constant can be understood by modeling the system as two springs in series: one for the clamping of the beam to the support k clamping and the other for the cantilever k cant = EWT 3 /4L 3 . The measured spring constant is k meas = ͓͑1/k cant ͒ + ͑1/k clamping ͔͒ −1 . As can be seen in Fig. 2 , a very good fitting of the experimental values was obtained by using the "two spring model" ͑solid line͒, in which the clamping effective spring constant is 0.08± 0.01 N / m. The thickness and Young's modulus values used in the fitting were 0.334 m and 169 GPa ͑nominal value of silicon in the directions ͗110͒͘, respectively. are the effective masses of the clamping region and the cantilever, respectively. For an infinitely rigid clamping region k meas Х k cant and meas Х cant . A good fitting of the experimental values is obtained by using this model, which gives a resonance frequency of the clamping region of 334.6 kHz and a clamping-to-cantilever mass ratio of 0.19, approximately. The effect of the compliant clamping region is the decrease of the spring constant and resonance frequency. This effect is particularly important on the stiffest cantilevers, i.e., the shorter and wider. Figure 4 shows the experimental values of the quality factor ͑symbols͒ as a function of the length and the width in air. Q decreases from 19 to 1.9 when the length increases from 50 to 500 m for a width of 40 m, while it increases from 6.0 to 9.3 when the width increases from 20 to 200 m for a length of 200 m. The Q factor is inversely proportional to the energy loss per oscillation cycle. The dissipation mechanisms include the viscous damping, the internal friction, and the clamping losses, to name a few, however, in air, the dominant source of noise is the viscous damping. 21, 22 The Q factor due to the viscous damping has been theoretically calculated by Sader, and it can be written as 
where c and air are the cantilever and air densities, respectively, and ⌫ r ͑ r ͒ and ⌫ l ͑ r ͒ are the real and imaginary parts of the hydrodynamic function given by
where K 1 and K 0 are the third-order modified Bessel functions and Re is the Reynolds number, which determines the importance of the viscous effect, and is given by
where air is the air viscosity. The lines in Fig. 4 represent the values of the Q factor calculated by using Sader's model. Although, Sader's model qualitatively follows the experimental trend, i.e., the Q factor decreases with the length and it increases with the width, there are significant quantitative differences between the theoretical and experimental values.
The discrepancy between the theory and experiments is attributed to that the hydrodynamic function used in the theory assumes that the cantilever behaves as an infinitely long cylinder. In addition, the theory does not take into account the effect of the semiflexible clamping region. Figure 5 shows the minimal detectable force and surface stress as a function of the length and width of the cantilever beam. The values of the minimal force and surface stress are calculated from the thermomechanical noise by substituting the experimentally determined values of k, Q, and 0 in Eqs. ͑10͒ and ͑12͒. The minimal detectable force is of the order of 10 −15 N Hz −1/2 . The force resolution enhances as the width decreases, and surprisingly, as the length decreases ͑stiffer͒, except for the 500-m-long cantilever whose sensitivity is similar to that of the 200-m-long cantilever. The surface stress also exhibits a striking behavior. The minimal detectable surface stress is of the order of 10 −7 N m −1 Hz −1/2 , at least four orders of magnitude smaller than the surface stress induced by the selective binding of organic and biological molecules. Counterintuitively, the surface stress resolution enhances as the length decreases and the width increases, i.e., the cantilever is stiffer.
V. DISCUSSION
By writing the spring constant and the resonance frequency as a function of the dimensions and the material properties ͓k = EWT 3 /4L 3 and Eq. ͑3͒ in Eqs. ͑10͒ and ͑12͔͒, the minimal detectable force and surface stress imposed by the thermomechanical noise can be explicitly written as a function of Q and the dimensions,
. ͑17͒ Both, F min and ⌬ min are inversely proportional to the square root of Q and have the same dependence on the material properties, in which the detection limits can be moderately enhanced by using materials with low values for Young's modulus and the density. However, the dimension dependences of F min and ⌬ min are strikingly different. This should imply profound consequences in the design rules for cantilever sensors and AFM probes, which in general should be different. Equation ͑16͒ implies that the minimal detectable force decreases with the square root of the length ͑for Q constant͒, i.e., the softer the cantilever, the higher the force resolution. However, for the cantilevers fabricated here, the force resolution slightly degrades as the length increases from 50 to 400 m, as shown in Fig. 5 . This is due to the decrease of Q as the length increases ͑Fig. 4͒. The Q reduction gets smoother for lengths higher than 400 m, in which the Q factors are very low, close to unity. This produces the force resolution enhancement for the 500-m-long cantilever. Equation ͑16͒ also implies that the force resolution enhances as the cantilever is narrower ͑softer͒ if Q is kept constant. This behavior is experimentally observed ͑Fig. 5͒ as the quality factor shows small dependence on the width, as shown in Fig. 4 . On the other hand, the minimal detectable surface stress follows a different dependence with the dimensions ͓Eq. ͑17͔͒. If Q remains constant, the surface stress resolution is independent of the thickness and enhances as the square root of the width-to-length ratio increases. In addition, as Q decreases with the length ͑Fig. 4͒, the minimal detectable surface stress significantly enhances as the length decreases ͑Fig. 5͒. Moreover, the surface stress resolution enhances by making the cantilevers wider, as Q shows small dependence on the width.
In this work, we have found that the minimal detection limits for measuring force and surface stress follow a nonintuitive behavior. Thus, stiffer cantilevers exhibit higher sensitivity for measuring surface stress, whereas the force sensitivity follows a more complicated behavior. These results are based on the intrinsic thermomechanical noise. The instrumental and environmental sources of noise such as the displacement sensor and variations in the laboratory temperature have not been considered. For sufficiently soft cantilevers, high measurement bandwidth, and sensitive displacement sensor, the thermomechanical noise is the dominant source of noise, and the cantilever must be designed with a geometry in order to minimize the force and surface stress noise due to the thermal kicking forces. The optimum design, as shown here, is not intuitive, and is highly dependent on the kind of measurement, surface stress or external forces ͑see Eqs. ͑16͒ and ͑17͒͒. For cases, in which the extrinsic sources of noise ͑instrumental and environmental͒ are dominant, the cantilever dimensions should be chosen in order to minimize the cantilever stiffness. This can be easily achieved for both applications, surface stress and force measurements, by maximizing the length-to-thickness ratio. The extrinsic source of noises becomes dominant for stiff cantilevers, small bandwidths, and relatively noisy displacement sensors.
VI. CONCLUSIONS
Arrays of 334-nm-thick silicon microcantilevers have been fabricated with lengths from 50 to 500 m and widths from 20 to 200 m. The spring constant, resonance frequency, and quality factor have been measured in order to calculate the minimal detectable force and surface stress imposed by the thermomechanical limit. The experimental values of the spring constant and resonance frequency show small deviation with respect to the well-established continuum elastic theory of the beam. However, the behavior of the quality factor can be hardly predicted. The theoretically affordable model proposed by Sader significantly deviates from the experimental values. This discrepancy is attributed to that the hydrodynamic function used in the theory assumes that the cantilever behaves as an infinitely long cylinder. In addition, the theory does not take into account the effect of the semiflexible clamping region. The calculated values of the minimal detectable force and surface stress imposed by the thermomechanical limit are of the orders of 10 −15 N and 10 −7 N / m, respectively. Contrary to the expected behavior, the shorter ͑stiffer͒ cantilevers exhibit the lowest detection limits in force, and the wider and shorter cantilevers are the most sensitive for surface stress detection. The different dimension dependence of the minimal detectable force and surface stress highlights that the geometrical design of the microcantilevers should depend on the type of interaction to be measured, i.e., external forces or surface stress variations.
